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Estimating stock strength of fish from acoustic survey data with control 

on the magnitude of possible error of estimate is only possible if the 

quantities which one wants to estimate is expressed in terms of the 

parameters of a good mathematical/probabilistic model describing every 

part of the survey method as well as the relation between fish distri­

bution and received echo signal. 

A total model for a survey method using echo-integrator and trawl 

sample data are proposed and both mathematical and biological/physical 

problems are discussed. 

The author has only some experience from the Norwegian survey method 

on capelin (see Nakken and Dommasnes [7J), so some ideas and 

assumptions underlying the model are motivated by things learned on 

cruises in the Barents Sea. 
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The re sults in this work are not sufficient to establish a routine 

working scheme at sea which can produce the desirable estimates 

together with estimates of their possible errors, However, further 

research, mainly on mathematical/probabilistic modelling of the 

echo function (see (7)) generated by different fish populations may 

bring us nearer this goal. The proceedings [11] give s a good general 

view of the present research on acoustic survey problems. 
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Some relations of acoustics and the echo integration system. 

Con sider a 3 - dimensional coordinate system with the x, y plane parallel 

to the sea surface at the same depth as the transducer. The transducer 

is at point {x, y} moving in a direction making angle Cl with the x - axis. 

See fig.!. 

A fish is at point x' y' z' with spherical coordinates {R, e, <p} 
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Fig. 1 
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After a sound pulse is transmitted, the transducer picks up a part Q 

of the echo -energy reflected by the fish. 

Provided the fish is the only reflecting object in the sound cone we call 

E(x, y} := k 9. TVG(R} ( l) 

the echo function of the fi sh. TVG is the time varied gain function, and 

k is a constant to be defined later. See (17). 
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Actually the energy picked up is given by 

9, 
-2 c R e c. 2 = K 4 b (8,</l-0) a(T,p) 
R 4rr 

where 

K is an instrumentation constant 

E is the attenuation coefficient 

b is the directivity pattern function and 

a (T, p) is the scattering cross section of the fish when T 

(2) 

and p is 

its tilt and roll angle respectively relative to the direction transducer 

fish. For observations of a (T ,p) for certain fishes see Nakken and 

01sen (8] 

An important quantity is the integral 

ffE(X,y)dxdy ( 3) 
which obviously is independent of (Xl yl). The integral is over the area 

where E(x, y) > O. 

It can be shown that ifa(T,p) is independent of Zl, (3) is independent 

of Zl (the depth of the fish) when 

TVG(R) R Z e2 ER ( 4) 

Let a, Band y be the tilt, roll and orientation angle re spective1y of 

the fish relative to the cartecian coordinatsystern. 

When TVG is given by (4), we call (3) the echo value of the fish and 

denote it p (a, S , y , 0) • 

Le ta' (a, S , y , 8 , </l ) = a (T, p) when T and p is expressed in terms of 

a,B,y,8 

Using (1) 

(x, y, z) to 

and </l. 

(2) and (4) and making a change of variable s in (3) from 

(R, e ,<1> ), the following expression can be derived. 

rr 
2 

p(o.,B,y,o) = f h(a,S,y,0;8) tg8 de 
o 

( 5) 
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where 2 h(a,S,y,o;8) t:: Jb (8,ep-o) o'(a,(3,y,8,ep) de 

The moving or reference direction 0 of the transducer is constant under 

the integration. 

Variations in the roll-angle of free swimming fish is observed to be 

small, so it is likely that negligible fault is induced by using the roll­

angle independent form, 0 (T) , of the scattering cross section. 

In this case 

0' (a,y,8,ep) 

= O(2Arcsin(~(1-sin8 cosa cos(ep-y)-cos8 sina)') -~) 
2 

( 6) 

We assume from now on that p is independent of cp-o which is the 

angle between the orientation of the fish and the transducer. Even if 

the beam pattern function is not symmetric about the acoustic axis, 

there should be no reason to believe that this assumption is far from 

true for transducers designed for fish detection. Therefore we can 

relative to the transducer in use associate to each fish its echo 

value p (a, S) given by (5) which only depends on the tilt and roll 

angles in relation to the sea. 

Now, we assume that the fishes in the area under consideration is distri­

buted not to near the bottom or transducer level. 

Let them have echo functions and echo values E.(x, y) 
1 

i = 1,2,.3, re spectively. 

We call 

E(x,y) = k L: 9, • TVG (R, ) 
,1 1 
1 

the areal echo-function and 

p = ffE(x,y) dxdy 

the areal echo-value, where 

and p. (a. , B . ) 
111 

( 7) 

(8 ) 
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Q, i is the echo-energy picked up by the transducer from fish i after 

a soundpulse has been transmitted, and R. is the distance between the 
1 

transducer and the i-th fish. 

In the case of time overlapping echoes ,there is no single relation bet-

ween E (x,y) and Ei (x,y) i == 1,2,· 

To overcome this, we introduce the following rriean value s. 

Assume there is a joint distribution of tilt and roll angle for each specie 

and length of fish. For a given fish with distribution f( a, S ), echo­

function E(x,y,a,S) and echo value p(a,S) we define 

E(x,y) = ffE(x,y,a,S) f(apS) dadS 

and (9) 

p = ffp(a,S) f(a,S) dadS 

to be its mean echo function and echova.lue respectively. 

Tilt and roll angle distributions for free swimming fish have been estimated. 

by· means of underwater photographs, and together with measurements of 

a(T,p) on a lot of fishes, tables of values proportional to p as a 

function of fish length and specie has been worked out. See Nakken and 

Olsen [8] For obtaining exact value s of the corre sponding function 

p, a calibration of the equipment in use is necessary. 

Let E(x,y) and P be corresponding mean values for E(x,y)and P 

respectively, but here the mean is taken over all phase differences of 

multiple echoe s as well as tilt and roll angle s. 

E (x, y) is strongly time dependent since the fishes almost continuously 

change their positions and orientations. However, we assume that real 

fish distributions have the property that the line integral. 

J E (x,y) ds -+ rE (x, y) ds 

and the surface integral 

J J E (x, y) dxdy -~ J rE (x , y) dxd y 

(IO) 
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It is,: Jikl;(ly th,at t4..e convergence is fairly rapid when the lin\=l 'orarea·'o£· 

integr<}tjiqI:J.; ~ln<;:reas~s, unless the iishdensityis, very .srnaU.1 . Further ,!it , .. ' 

is evident that p = p • 

), ))!':. I" 
, '\! 

Both experiments and theoretical consideration's indicate tthattherelation 

E(~i';Y) 

and hence 

p 

= l:E. (x,y) . ~ 

= 

~ 

I p. . ~ 
~ 

( 

.\ ! 

'; I. 

, , (11) I i;1 , j 

\ \ \ ,.'.\';',', 

\ ( 12) \ '" j , 

hold for fish densities pr unit area up to a certain limit depending on 

the specie. and size distribution of the fishes. 
j,"' 

Fish d;e.tiSiti'E~s 'where '(11) and (12) does not hold have been ob'served. 

Hdvlrevei";i thfs problern is worked with (see RlZittingien'![ 13]) , and it 1's' 
: ' 

probable that the so called shadow effect can be compensated for by mea.l1s 

of a special transformation of the signal. If so, (11) can be thought of as a 

a definition of E (x, y). In any case we as sume that (11) and (12) is valid: 

in this paper. 

The purpose of the echo integrator is to perform line' integration of E (x, y) 

along the course of the ship. Although we assume in this paper that such 
, . . 

line integral data can be obtained, we neverthele ss loqk at some" of the' 

practical problems. 

Let m(x, y) be defined by 

M(x, y) = m(x, y) 68 , I 

where M(x, y) is the increase in integrator value after a soundpulse 

transmitte,d! ~t (x, y) and 6 s is the distance sailed between two succ,es . .sive 

sound pulses. 

that 

m(x,y) 

To obtain line integrals of 

ex: E(x,y) 

E (x, y), it would be desirable 

(13) 
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However, energy from reverberation and different noise sources affects 

the intergrator process system together with E (x, y), See Urick [14] 

ch. 7 and 8, 

Let I{t) be the effect at the input of the treshold unit, at time t after 

a soundpulseis transmitted at (x, y) 

I{ t) = 

where 

and 

Since 

I (t) + I (t) + I (t) ern 

I (t) comes from echoes e 
Ir( t) comes from reverberation 

In{t) comes from noise sources 

t2 
J I (t)dt 
t e . 

1 

,ex: E (x, y) 

(14) 

where [t
l

, t
2

] is.a time interval containing all arrival times of echoes 

from fishes, the influence of Ir{t) and lri(t) is reduced by the treshold 

unit which cuts away all parts of I{t) with values below a preset treshold 

setting T, 

That is 

m{x, y) ex: 

where u(x) 

t2 
Ju ([(t) - T) I{t)dt 
tl 

{~ 
x > 0 

x < 0 

so it is necessary for E (x, y) ex: ill (x, y) that 

t2 
J Ie{t)dt = 

tl 

or equivalently 

t2 
JU(I{t) 

tl 

T) I{ t) dt 

J Ie(t)dt = f (Ir{t) + In{t) )dt 

t:I(t)~T t:I(t»T 

'\ 
'\ 

( 15) 

(16) 
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Because of the great variability of I (t) and I (t) (reflections from 
er. 

plankton layers is also classified as reverberati~n) with position (x, y), 

(15) cannot be fulfilled generally for any choice of T. In practice, 

seve'ral echo-integrator s integrates over each of their disjoint' subinterva1 

of [t
l

, t z]' and the treshold setting on each int~grator is separately' 

adjusted just to cut away most of the noise and reverberation when no 

echoes ~r~ ie~eived. 
" t 

Since: the mean effect of single echoes is proportionai to the - 4th power 

of t while the mean effect of reveberation' ;k.hd noise are prop~rtional 

to the - 'Znd power of 't and t respectively, the' tresholcl has di'fferent 

properties when integrating echoes from layers o'f'differentdepths. Some 

effects of tresho1d induced bias are studied in Weimer and Ehrenberg [15] • 

However, we do not take account of the difficulties mentioned above. 

is; \Ve assume that the echo integrator system satisfy (13). 

defiriiAg . the constant in (1) and (7) by 

m(x, y) = E (x, y) 

we can drop the special notation m(x, y). 

Then by 

( 17) 

That 
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Spec ification of the sampling problem and related concepts. 

In this paper a fish population is defined to consist of all fishe s of a 

special specie of interest plus fishes of other species mixed with the 

previous one in such a way that their ec.ho contribution cannot be 

distinguished from the others and eliminated. For the purpose of 

acoustic stock estimation, we assume that the fish population is distri­

buted pelagically over an approximately known area and that after all 

the long distance variations in the fish density can be considered 

constant during an acoustic survey. 

Let the members of the fish. population be enumerated and denoted 

f l , f2' , fN · 

To each fish there is associated values of several variables like length, 

biomas s, fat content, indicator variable of sex, age groups, maturity 

etc. of which the sum or mean value over subsets of the population 

are of interest. We call them individual variables. 

Let x be an individual variable with value x. on f., and let C be a 
1 1 

subset of the fish population, usually a trawlcatch, a sample and so on. 

Let us write 

x (C) = L x. 
1 

i:f. E C 
1 

(18) 

However, if CA is the subset of the fish population within a segment A 

of the sea we write x (A) instead of x (CA)' 

Let AI' A
2

, ... , An be a stratification of the sea into disjoint strata. 

The strata will usually consist of sections of the sea containing large 

scattering layers of fish. General requirements to the strata is that 

fir st of all fish density, age distribution and length distribution are 

le ss variable within the strata than in the whole population. We 

as sociate an area1 echo function E i (x, y) to ~\ i 1,2, ... , n. 
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If two or more strata at different depts have overlapping rrojections 

on the sea surface, we assume that the echoes from different strata 

alwa ys arrive at the transducer in disjoint time intervals i. e. that 

their echo functions can be line integrated separately on different inte .. 

grators. 

n 
Let A = U A. 

i=l 1 

We will deal with the problem of estimating x (A), where x is an 

individual variable, by means of line integral data of E.(x,y) i=1,2, ..• ,n 
1 ' 

and measurements of x and p (the mean echo value is also an individual 

variable) on fishes in several samples taken from trawl catches. The 

mean echo value p is assumed to have a known functional relationship 

to some measurable quantitie s on the fish. 

length have been used. 

Until now a relation to fish 

Some examples of individual variables and corresponding meaning of 

x (A) are: 

x 

Fish biomass on a particular specie, 

zero on other species 

Indicator of particular specie 

Indicator of one year old fish 

x (A) 

Population biomass for the 

particular specie. 

Number of fishes of that 

particular specie 

Number of one year old fishe s 

(Note that an indicator is a variable which takes on the values zero and 

one only). 

Without loss of generality we will construct and study estimators 

f(A.) of x(A.) i = 1, 2 , ... ,n since the s e will be as sumed independent. 
1 1 

Let a(A.) be the area of the projection of A. on the sea surface and 
1 1 

define 

p (A.) -
P 1 

p(A.) 
1 

a(A. ) 
1 

X(Ai) 
and r (A.) x 1 P (A.) 

1 

( 19) 
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Motivated by the relation 

x(A.) = a(A.) p (A.) r (A.) 
lIP 1 X 1 

which follows from (19), we construct the estimator 

x(A.) = a(A.) ~ (A.) l' (A.) 
IIp 1 X 1 

where; (A.) is an estimator of r (A.) based on catch data and x 1 x 1 

P (A.) is an estimator of p (A.) based on integral data. 
pIp 1 

It follows from (12) that 

Pp (Ai) 
1 

= ~~-
1 

. J J E .(x, y)dxdy 
1 

proj(A.) 
1 

(20) 

where proj(A.) is the projection on the sea surface, so ~ (A.) is 
1 p 1 

an estimator of the mean of a surface integral based on line integral 

data, while .; (A.) is an estimator of a population ratio based on a two 
x 1 

stage sample; i. e. trawling and subsampling from each trawl catch. 

If ~ and t can be considered independent, arguments similar to 
p x 

those used in Raj [12] 1. 5 leads to the following relation. 

MSE(x) 2 I (A (A (A (A = a MSE P )MSE r ) + r E r )MSE P ) 
P x x x p (21) 

+ P E ( P ) MS E (~ ) + 
P P x 

pprx b(p p ) b(rx ) 

where MSEO and bO stands f<:>r mean square error and bias respectively. 

We have dropped A. throughout the equation for simplicity. 
1 

Further 

E(~) = a E( p) E(~ ) 
P x 

(22) 

Now the problem arise how to build the estimators p and ~ and 
p x 

derive their properties in relation to the survey method and assumptions 

about the nature of the fish distribution. 
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We will not treat this problem in detail here, but only put forward 

some ideas. 

First, let us consider ~.. A set of trawl hauls is taken in each strata. 
x 

Let the catches within one strata Ai be denoted Cl' CZ' .... , C t 
respectivel y. . Although the positions of the hauls is not 

chosen by any random mecanisrn, we have reason to believe that 

t 
r x(C.) 
1 J 
t 
r 
1 

p(C.) 
J 

t 
= r (U C.) 

x 1 J (Z3) 

estimates r (A.) fairly well provided trawl selection bias can be neglected. 
x 1 

Let m. fish be subsamp1ed randomly from C. j = 1, Z, .... , t 
J J 

Although Cl' C Z' ... , C t is not a sample of cluster s from any 

cluster partition of the fish population within A., the theory of ratio-
1 

estimation in two stage sampling may be used with success if the trawl 

hauls is located sufficient regularity in A.. Following Raj [12] 6. 34, 
1 

the following estimator is proposed 

... 
rx = 

where v. and 
J 

respectively, 

t m. 
J 

\~ r x
jk L v. 

J 
j=l k=l 
- - - ~ ---
t m. 

V. J 
\' -.1r Pjk ) 

L v. 
J 

j=l k=l 

V. are the volume of the subsample and trawl 
J 

i. e. ~ is used as subsampling fractions. 
V. 

J 

(Z4) 

catch 

x jk and Pjk are the measurements on fish no. k in the subsample from 

C.. Setting the primary unit sampling fraction equal to zero, an 
J . 

estimator for MSE(~ )can be obtained using Raj[ 12] 6. 37, 
x . 
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A more detailed treatment of the problem of estimating r (A.) will be 
x 1 

given in a future paper where also the effect of trawl selection is 

compensated for. 

Now, let us pass to the estimator P (B) where B is an arbitrary 
p 

strata. Intuitively, a number obtained by surfaceintegrating a function 

on proj(B) defined by E (x, y) on the survey net and interpolation between 

those values outside the survey net and devide it by a(B), would be a 

reasonable estimate of p (B). 
P 

One kind of estimator of this form is 

J 'I' (s) 

S 

E (x(s), y(s))ds (25) 

where S is the survey net on proj(B) and s is a distance variable along 

S. 'I' (8) is a weight function which must be chosen. 

It is natural to define 'I'(s) as follows. 

Let l(s) be the length of the line (or curve) which consist of exactly 

those points which has s as the nearest point on S. The function l(s) 

is easy to evaluate if the survey net consists of a system of straight 

lines. Now, if 

'I'(s) = l(s} 

f l(s)ds 

S 

(25) is equal to the mean of a surface integral of a function defined on 

proj(B) by a kind of interpolation between the survey lines. 

However, there is no satisfactory mathematical sampling theory which 

deals with the problem of estimating a surface integral from observations 

on a designed system of lines. 

In the easy readen article Matern [6] , Matern has dealt with this 

shortcoming of sampling theory which manife sts itself in many biological 

problems. 
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In order to have a hope of obtaining information about the sampling error 

when using (25), it is necessary to build a probabilistic model for 

E (x, y) within each strata which take s acount of known characteristic 

features of the areal echo functions under consideration. A lot of 

information about such caracteristic features for several fish populations 

has been known during acoustic surveys in the past. 

In order to formulate a probabilistic model for the areal echo function, 

we have to define E (x, y) to be the realisation of a random field 

(measure) on proj(B). For a definition see Doob[ 1 ] or Dayley and 

Vere -Jones [2] That is, the echo function is a random variable for 

each point (x, y) and has moments denoted by 

Even 

lJ(x, y) = E( E (x,y)) 

c(x 1 ' Y 1 ; x2,y 2 ) 

P (B) 
p 

= Cov( E(xl'Yl) , E(x2 'Y2)) 

1 ---
a(B) 

II E (x, y)dxdy 

proj(B) 

(26) 

is a random variable under the above assumptions, but we assume that 

the strata is large enough to make its varians negligible i. e. 

P (B) = E( P (B)) = _1 __ IIlJ(x,y) dxdy 
p p a(B) 

proj(B) 

Let P (B) be given by (25). 
P 

Then 

E( P (B)) = 
P 

I \p(s) lJ (x(s), y(s))ds (27) 

S 

and 

E( P (B) -
2 1 2 

P - (B)) = -2- u - --- V + W + f., 
p P a (B) a(B) 

(2 8) 



'. 
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where 

and 

U ::: IIIIc (x1'Y1;xZ'YZ)dx1dYldxZdyZ 

proj(B)Z 

v ::: III If(s) c(x1'YI;xZ(s)'YZ(s))dx1dxZds 

proj(B)x S 

W::: II If (sI) If (sZ) c(xl(sl)'Yl(sl);xZ(sZ),Y2(sZ))dslds2 

SZ 

A (E( P (B)) - E( P (B)))Z 
p p 

If A can be neglected, which is reasonable for a well chosen If 

we see that the mean square error (2 8) is expressed by the covariance 

function alone . 

. Unfortunately there does not exist as far as the author knows any 

estimator for the measure of error (28),. Matern has worked with the 

problem in Matern [4J and [5 J for the case of an isotropic random 

field and has studied the properties of some quadratic forms as esti­

mators when the observations are taken along lines or at points in the 

plane. 

In any case it is important to try to estimate the correlation function 

c(xl'Yl;x2'Y2) ·On the survey lines E(x(s),y(s)) is a time series) 

and so, the covariance function may be estimated there under certain 

mathematical assumptions. See Jenkins and Watts [3 J 5.3. If a 

rough estimate of the covariance function is obtained by estimation and 

smoothing on the survey lines and interpolating between them, it could 

be used in (Z8) to calculate an estimate of the sampling error of (25). 

However, if this method or another proves to be useful for estimating 

MSE (p ), the question which still remains unsolved is this: 
. p 
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How shall we design a survey net and distribute the trawl hauls to 

obtain the most presize estimates for a given amount of cost or survey 

time? There exists very little theory on de sign problems mainly 

bec,ause it is a difficult and new branch in applied mathematics. See 

Ylvisaker [16] where the design of points of observation in the plane is 

studied under the assumption of a known correlation function. However, 

the mathematical problems arising in modelling acoustic estimation 

methods of fish populations are general and in no way restricted to 

this field. For ideas on modelling spatial patterns of biological popu­

lations and for further references see Pielou [10] and Patil, Pielou, 

Waters [9]. In any case, the usefulnes of the ideas in this paper 

rests on the existence of th.e relation (11), or in other words, the 

equipments capability of collecting values of the right side of (11). 

Further the scattering cross section of free swimming fish may depend 

on several factors in addition to tilt and roll angle, which is not 

possible to observe neither from the echoes nor on the fishes in the 

trawl catches. See articles in [11]. This cause no further difficulties 

as long as the mean echo value over all such factors can be related 

to observable quantities on the catched fishes. If this mean echo value 

of single fish, however, happens to be related to observable factors 

like depth, time etc, in a way which cannot be compensated for by the 

signal processing system alone, the stratification must be carried out 

to give approximately equal effect of these factors throughout each 

strata. 

Finally, to carry out a useful precision increasing stratification of the 

sea is an art which calls for good knowledge of fish population behavior 

(how fish of different sizes mixes, internal migration etc,) as well as 

understanding of the theoretical results in formation of strata (see 

Raj [12] 4,6), 
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